Jason Goldman
ORCID: 0009-0004-6743-1849
4/14/2025

Collatz Structure and Period

In this work, we present a deterministic and modular structural model of the Collatz
graph. Our approach defines a complete system composed of discrete composite operations,
layered traversal paths, and periodic anchoring. Specifically, we establish:

* A closed instruction set of three composite operation types (A, B, C), based on the
mod 8 residue of odd values, which fully determines traversal behavior.

. A finite modular framework, using mod 3 and mod 8 classifications, that governs both
upward construction and downward collapse through the graph.

. A three-dimensional coordinate system (x, y, z), where each axis counts occurrences
of a traversal type, and each odd value occupies a unique location.

. Fully specified build and traverse mechanics, including reversible rules and
command inheritance, forming a non-overlapping, structured path lattice.

* An internal permutation dimension at each (X, y, z) location, encoding all valid
orderings of traversal operations, constrained by system rules.

*  Arecursive period and sub-period system, originating from multiples of 3, which
defines the length, coverage, and repetition of branches within the structure.

These elements together form a complete, deterministic, and verifiable framework for the
behavior of all odd integers under the Collatz process.



Standard Collatz operations:

A. 3n+1 when n is odd
B. n/2 when n is even

These atomic operations need to be considered as a set of composite operations which
operate on odd integers only. Only then can we see the structure of the system.

New Collatz operations:

In this form we traverse odd values only towards 1 using the following three equations:

TRAVERSING TOWARDS 1

A. (3n+1)/4  when the mod 8 residue of n is 1

B. (n-1)/4 when the mod 8 residue of nis 5

C. (3n+1)/2 when the mod 8 residue of nis 3 or 7

These can be translated into the “build” formulas, which build the structure up from 1

BUILDING FROM 1

A. (4n-1)/3  when the mod 3 residue of n is 1
B. 4n+1 all n values, any mod 3 residue
C. (2n-1)/3  when the mod 3 residue of nis 2
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The possible linkages for any odd n value based upon its modular nature:

Multi step building formulas

Type Tail Tail Building Formulas
1 [o0]1 ((n-1)x4~m)=34m+1
3z m INT((n"2Am)=3Am)

5 . 1[01] . n 27N 2xm)+(4 m-1):3

9 cycle causes n to be linked via
tower type and subtype

n

L

%

mod 32 cycle causes n to be linked to a parent and that parents parent on traversal

Building Away from 1

Traversing Towards 1

MultiStep formulas also available for traversal towards 1 based upon binary tail length of [00]1 for type 1, [01] for type 5 and 1(1] for type 3,7

Multi step traversal formulas

Type binary tail stripping Tail Stripping formula

1 [oo)1 nx0.75/m-0,75/m+1
3.7 m nx1.64m+1.5/m-1

5 1[01] INT(n0.25"m+0.25"m)



Linkages directly asserted by n=161 by its modular nature - all of these linkages can be
determined by direct exam of 161 (binary/ternary nature):

Building Away from 1

Traversing Towards 1

@

50% [x] Sample: n=161 o 0
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Collatz Structure:

We can map any n value to an x,y,z coordinate using the following method. We will
traverse its path using the new traversal formulas, and when we find mod 8 residue 1 and
apply formula A we will count that as a unit movement in x. In the same manner formula C will
count as a unit of movement in y and B will be a unit of z.

Seen from the build direction, starting at 1 we find the loop at 1 (type A) and a type B
operation taking us to 5, which is a unit movement of z. All n values have a type B, 4n+1, z
movement possible in build direction.

N X

,_4‘

In the above image we see the path of 9 mapped, with x movement in green, y
movement in red, z movement in blue. One unit of movement per formulaic step. Each point
being at the x,y,z position that corresponds to the total A,C,B without consideration of the
order the individual operations occurred at. We see that all values have a blue z movement
springing from them, which will serve as the branch points for the layer above.



Structure with a significant number of branches built out (n=1 at bottom left):

If we isolate a two layer slice through the structure we see it forms a cubic lattice:




Collatz Bit Planes:
If we isolate all values of a particular bit length we find they are bound to bit planes, with a bit
plane holding n values that equal in bit length to the bit plane or at most 1 bit longer (edge overlap due

to the “thickness” of bit planes).

floor(2x(z-(a*x+b*y+c))) = bit plane

a =-0.2027
b = 0.2905
¢ =0.5000
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Above we see all the values of a particular bit length mapped, the shape being characteristic of
all bit planes, as is the hotspot where we find many paths to the same point in x,y,z space. This hotspot
is displaying the internal dimensions of the system, as we are really graphing 3d+1 by ignoring the order
of operations, with each x,y,z point holding a matrix of x,y,z orderings possible (though only certain

orderings are actually possible in this system)

. Each (x, y, z) contains many paths (orderings),
. Not all permutations are valid due to system constraints,
. The hotspot is where many paths converge on the same coordinate, because multiple
instruction sequences collapse into the same (x, v, 2).
This hotspot reflects the internal permutation space that exists within each external coordinate. While we
project a 3D point for each value, internally each point may represent many instruction orderings — a
constrained permutation matrix.



If we view a single z layer we can see the bit planes intersect it as parallel
stripes.

3D Heatmap of Binary Lengths
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Here we see n values that are power of two minus one, and power of two
plus one mapped, each forms a vector in this space. Similarly we see the same
for power of three points, which lie above and between them. | have gone out to
5000 bits for sampling these, as well as for bit plane sampling and all holds.

005



Collatz Branches:

Before we discuss the period of the system we must reiterate the importance of branches in the system

and will refer to the prior graphs for illustration.

What we see is that at the z layer 0 we have n value 1, bit length 1 at x,y,z = 0,0,0. We can use one unit of z

movement (4n+1) to get to x,y,z = 0,0,1 and can continue to 0,0,infinity.

Similarly we can move from any x,y,z to x,y,infinity as all n values accept z movement.

Branches are x,y movement - traversal along a z plane. All n values from the z layer below are brought up
to the next z layer as “branch bases” - all of these, having been created from 4n+1 operations are traversed using

(n-1)/4 operations - they all have mod 8 residue 5 marking them.

All branch bases are mod 8 residue 5. All mod 8 residue 5 are branch bases.

Building a branch from its base we apply the ternary build rules - mod 3 residue driven rather than mod 8
residue as we use for traversal. We will be able to move in x and y (residue 1 and 2) and we will eventually (as we
will prove in the next section) hit a residue 0, a multiple of three, where only z movement is possible, this ends the

branch, it is the “branch tip”

Mod 3 residue 0 are all branch tips. All branch tips are mod 3 residue 0.

A branch base can be a branch tip - for example n=21 is mod 3 residue 0 and mod 8 residue 5 - itis a

branch base and tip - a branch of length 1.

Branch tips, being mod 3 residue 0 are type B values. All branches have type B values as their tips,

terminators of x,y movement.

Type A and C (x and y movement) make up the branch between base and tip

As all branches have mod 8 residue 5 bases and finite length to tip, containing all values, all values will
traverse their branch to its base and drop a level of z, and repeat. This will always result in reaching z=0 where

only the value n=1 resides.

Since all odd n must appear either as:

. A branch base (mod 8 = 5),

. A node within a branch terminating at a tip (mod 3 = 0),
And since the period system fully covers the B tips (3+6x), and all full combinations are accounted for with doubling
and tripling structure, then every odd value lies on some finite-length branch which descends toward 1 through
recursive application of this mechanism.



Collatz Period and Sub-Period:

The period of Collatz can be found by examining whole branches. This can be done by
focusing in on mod 8 residue 5 values. All other values exist on branches and are controlled
by the sub-period.

Examining branch length 1, which is a branch consisting only of a single type B value,
we find its first appearance at 21 (the lowest n value with a path length 1)

We find that all branches at n=21+24x are also branch length 1, full branches.

The sub period is 6 (which is the space between multiple of three odds), and using the

formula n=3+6x we find all n values that are type B, branch tips.

Note that the sub period identifies all n values that have same path to B (branch
segment), while the period identified whole branches (base to tip) consisting of only B.

Moving on to paths of length 2, AB and CB are possible. We have doubled the number
of combinations from length 1. This continues, with each increase of 1 in path length has

double the combinations of its predecessor.

The period increases by a factor of three, as does the sub period, for each increase in
branch length. Note that (Period)/(Sub Period) = 4. Ratio is always 4.

Shortest branch length 1, branch B was period 24, sub period 6.

Period is 24*3”*(branch length-1)
Sub period is 6*3”*(branch length-1)

Combinations is 2*(branch length-1)

Branch length 2, branches AB and CB are period 24*3 and sub period 6*3
Branch AB has first occurrence at n=7 all n=7+18x values are AB path to tip.

Branch CB has first occurrence at n=5, all n=5+18x values are CB path to tip.



The table below shows the first 6 periods, which contain their sub periods (period being

“matching whole branch base to tip”, sub period being “matching branch segment to tip”)

showing lowest n value for each combination.

Branch structure periodicity
branch from base 24*3~(branch 63 [branch  2°(branch one will exist per possible combination
type 5§ to tip multiple  length-1) length-=1) ' bength-1)
of 3type B
branch length period of sub period | number of first poriod n values note 1 i
branches
1 24 L] 1121 1,25 are first AB,C - 3+6x will produce all ||
B {branch tips), 1+8x will produce all A and | |
5+8x will produce all C - true subperiod
being 3+6x here (branch tips)
2 72 18 2 5 8 5+1Bx=branches ending in CB, |
T+1Bx=branches ending in AB
3 216 54 4 | 85, 173,181,197 |
1
4 G648 162 8| 20, 53, 229, 341, 373, 469, 533, 541 20+162=191, which is sub pericd, branch |1
ending in same CAAB while 29 is period, |1
branch consisting of CAAB
5 1044 486 16| 13, 37, 101, 109, 157, 269, 317, 461, 557, 773, 001,
1237, 1541, 16821, 1741, 1781
] LBz 1458 A2 | 125, 245, 485 T40, 757, 805, BO3, 965, 1133, 1205,

1309, 1406, 1421, 1565, 1885, 2197, 2264, 2369, 2533,
2605, 3341, 3493, AT01, 3797, 4573, 4805, 2861, 4987,
4897, 5221, 5341, 5501, 5857, 6077, 6317, 6581, 8588,
G637, 6725, 6797, 6965, 03T, 7141, 7237, 7253, 7347

Note that as there is a 4 to 1 ratio for period and sub period we fill find 4 lowest n sub

period values per path combination, such that n*(sub period)*x where x is 0 through 3 gives all

sub periods within a period.

Each period cycle contains four sub periods, one of each residue type.

All PERIOD n values will be mod 8 residue 5. These are all whole branches, base to tip.

The remaining 3 SUB PERIOD values will be mod 8 residue 1, 3 and 7. These represent

subsets of PERIOD branches. End segments from n to tip where n is not the branch base.



To find the lowest n values for a sub periods find the residue of the lowest n for each

combination of the period using the sub period as modulus.

For period 72, sub period 18 we have 5 as branch CB period and 61 as branch AB period.
Using mod 18 we find that the first sub periods for each are 5 and 7.

period 72, sub period 18, combination 1, path to tip CB:
5+72x = all period values, base to tip whole branches
5+18x = all sub period values (5, 23, 41, 59 as first set)

period 72, sub period 18, combination 2, path to tip AB:
61+72x = all period values, base to tip whole branches
7+18x = all sub period values (7, 25, 43, 61 as first set)

21 is the first value of period 24 and 3 is first value of sub-period 6 (21 mod sub-period).

Here is the first period, branch length 1. All | This accounts for all branch tips
of these n values (n=3+6x) are multiples of

x

three and all odd multiples of three are

sub period n=3+6x period sub path to tip n mod
cycle period

8

sub period implies
(due to n mod 8)

branch end

here. They are all path to branch tip B, as

0 1 3 24 6 B

they are type B (defined as n mod 3 residue 1 1 °o 24 6B
2 1 5 24 6 B

0)' 3 1 21 24 6 B
4 2 27 24 6 B

In the last column we are showing sub ° 2 9 = ©F
6 2 39 24 6 B

period ands the implications of what sub 7 2| 45 4 6B
period does - they account for this path to £ 2 ol L 918
9 3 57 24 6B

tip to come in the needed flavors - it can be 10 3 63 24 6B
one that was born of a mod 8 residue 1 1 8 9] 6|8
12 4 75 24 6 B

value (type A), residue 3 or 7 (type C) or 13 4 &l o ilE
residue 5 (type B) - which that one out of & 2| 2 g8
i . 15 4 93 24 6 B

four will be a full branch (the period), one 1 P I —— IS
out of four will be type A and the remaining = 5| 105 24 6B
. . 18 5 111 24 6 B

two will be type C (both residue 3 and 7). 10 = Eaere N

AN | =W | O (N =2 0wG N0 0N =+ @O0 N =W

[CIB
[AIB
[cIB
B

[cIB
[AB
clB
B

[cB
[AlB
[cIB
B

[CIB
[AB
cB
B

[CIB
[AIB
[cB
B

Each sub period repeats itself on the period cycle, so that 3+24x is always the B in

a CB, and 9+24x is always the B in an AB, etc.



The first three periods and their sub periods, in detail...

path to tip 24*3/(path (period/4) unique path first n value Whole is mod 8
length-1) residue 5 to B
length x Period Sub Period combinations pathtotip y lowest sub n mod 8 if not whole we
period n connectviaAorC

10 24 6 1B 0 3 3 sub branch [C]B
10 24 6 1 B 1 9 1 sub branch [A]B
10 24 6 1 B 2 15 7 sub branch [C]B
10 | 24 6 1 B | 3 21 5 whole branch B
2 1 72 18 2 AB 0 7 7 | sub branch [C]AB
2 1 72 18 2 AB 1 25 1 sub branch [A]JAB
21 72 18 2 AB | 2 43 3 sub branch [C]AB
2 1 72 18 2 AB 3 61 5 whole branch AB
21 72 18 2 CB 0 5 5 whole branch CB
21 | 72 18 2 CB | 1 23 7 | sub branch [C]CB

e 2 1 72 18 2 CB 2 41 1 sub branch [A]CB
21 72 18 2 CB | 3 59 3  sub branch [C]CB
3 2 216 54 4 AAB 0 19 3  sub branch [C]AAB
3 2 | 216 54 4 AAB | 1 73 1 | sub branch [A]JAAB
3 2 216 54 4 AAB 2 127 sub branch [C]AAB
3 2 216 54 4 AAB 3 181 5 whole branch AAB
3 2 | 216 54 4 ACB 0 31 7 sub branch [C]ACB
3 2 216 54 4 ACB 1 85 5 whole branch ACB
3 2 | 216 54 4 ACB | 2 139 3 | sub branch [C]JACB
3- 2 216 54 4 ACB 3 193 1 | sub branch [AJACB
3 2 216 54 4 CAB 0 11 3 sub branch [C]CAB
3 2 | 216 54 | 4 CAB | 1 65 1 | sub branch [A]JCAB
3 2 216 54 4 CAB 2 119 7  sub branch [C]CAB
3| 2 | 216 54 4 CAB | 3 173 5 whole branch CAB
3 2 216 54 4 CCB 0 35 3 sub branch [C]CCB
3 2 216 54 4 CCB 1 89 1 sub branch [A]JCCB
3 2 216 54 4 CCB 2 143 7  sub branch [C]CCB
3- 2 216 54 4 CCB 3 197 5 whole branch CCB




We can also view the period as coverage of ternary tails, which represent the encoded

path to the branch tip. Ternary tail of the first period being 0 we will move on to the second -

Period 72, paths AB and CB...

Period 72 Covers ternary tails 12 and 21 for whole branches (n mod 8 = 5)

n ternary

5

12

77 2212

149 | 12112

221 | 22012

293 | 101212

365 | 111112
437 | 121012

509 | 200212

581 | 210112

n

61
133
205
277
349
421
493
565
637

ternary

2021

11221

21121
101021
110221
120121
200021
202221
212121

Sub Period 18 Covers All with ternary tails 12 and 21

decimal ternary
Sub Period Covers y=0 y=1 y=2 y=3 y=0 y=1 y=2 y=3
All with tail 12 (s} 23 41 59 12 212 1112 2012
All with tail 21 7 25 43 61 21 221 1121 2021

Summaries of the next two
periods, 216 and 648, covering path
lengths 3 and 4. These are n mod 8
residue 5 values, whole branches as
we are looking at Period, which is
always whole branch base (n mod 8
residue 5) to tip (n mod 3 residue 0).

Summary Period 216

n ternary tail path

85 10011 011 ACB
173 20102 102 CAB
181 20201 201 AAB
197 21022 022 CCB

Summary Period 648

ternary tail path
29 1002 1002 CAAB
53 1222 1222 CCCB
229 22111 2111 ACCB
341 110122 0122 CCAB
373 111211 1211 ACAB
469 122101 2101 AACB
533 201202 1202 CACB
541 202001 2001 AAAB



The image to the right displays the
periods and sub periods, with the

periods outlined in black circles.

The first period and sub period in
yellow, a single line of values for the
single possible combination of (B)
path, each 3+6y, with period

occurring at 21+24x.

The first period describes ALL odd
multiples of three, ALL branch tips.

The second in two shades of orange,
one for each combination possible in
a path of length 2 (AB and CB), as

the second period represents.

The second period represents ALL
paths ending in AB or CB, which are
all paths that are not B only paths.

The third period adds another letter,
allowing for combinations
AAB,ACB,CAB,CCB - each having
the same properties as we see here,
with periods falling on whole
branches and the remaining sub
periods falling on partial branches -
each describing ALL branches that

end in that pattern.

There is no escaping this coverage,
as we start with period 1 describing
all branch tips and all further periods
are attached to those branch tips,

terminating them all.
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346y,y=2

. Period at 173 which is 11+54y, y=3

3+6y,y=1

346y,y=0

Only Combination - Path B
Period 24, Sub period 6




Further, we find that when tracing a branch from tip to base the y value of the sub

period always reduces with each step further from the tip.

n mod8 type pathtotip period sub period y = INT((n+sub period))

9 18 B 24 6 1 N mod8 type pathtotip period subperiod y= INT((n:sub
period))
A AB K¢ 18
i Z 2 g 297 18 B 24 6 49
1" 3 C CAB 216 54 0
223 7 A AB 72 18 12
17 1C cca 648 162 0
335 7C cAB 216 54 6
13 5 A ACCAB 1944 486 0 1
503 7 Cc ccaB 648 162 3
755 3 C CCCAB 1944 486 1
1133 5/ C CCCCAB = 5832 1458 0

n  mod8 type pathtotip  period sub period y = INT((n:sub period))

15 78 B 24 6 2

23 7 C cB 72 18 1

b - e o £ n  mod8 type pathtotip period sub period y = INT((n:sub period))

53 5/c cces 648 162 0 s 78 & 5 S 6
59‘ 3lc cB 72 18 3
80 1lc cos 216 54 1

n_ mod8 type pathtotip period subperiod y = INT((n+sub period)) 67“ 3/A  AccB 648 162 0

33 B B 24 6 5 101‘ 5/ C CACCB 1944 486 0

2 1A AB 72 18 1

19 3 A AsB 216 54 0

29 5 C cAAB 648 162 0

If we add the period 3099363912 to 445, the base of branch 27, we find we find the
next period branch identical in path to 27 of course, but we also reveal more clearly the
reduction in sub period y - the power of two progression showing the underlying mechanics at

work.

n  mod8 type path to tip period sub period y = INT({n+sub period)) i b R e sub perod ::ﬂln,g)“m“h

27 38 |B 24 6 4 201326619 3B 8 24 6 33554436
“ ijc |cB s 18 £ 301989920 1c |cs 7 18 16777218
3 7 A AcB 218 s b 226492447 7 A |AcE 216 54 4184304
47 7 C | CcAcB 648 e o 330738671 7 c cAcB 648 162 2097152
7 7 C | CcAcB 1944 486 0 — — . [coace 1oa4 486 1048576
17| 3 c | cocacs 5832 1458 o X201 B c  [oconcs fag 1458 524288
161 1/ C | CCcCeAcB 17438 4374 o AN 1 ¢ |coocace 17496 4374 262144
121 1 A | ACCCCACB 52488 13122 o AR W~ accocacs 52428 13122 65536
91 3 A | AACCCCACB 157464 39366 0 B W |l aacoocice 157484 30366 16384
137 1 ¢ | caaccceace 472382 | 118088 0 967458953 1C | CAACCCCACE 472302 118098 8192
03| 7 A | ACAACCCCACB 1417176 354204 0 el . [acraceecace Fy— 254204 2048
155 3 C | CACAACCCCACE 4251528 1062682 ¢ 1088391323 3 G | CACAACCOCACE 4251528 1062882 1024
233 1 C | CCACAACCCCACE 12754584 | 3188646 0 1632586985 1 G | coacasccocace 12754584 3188646 512
175 7 A | ACCACAACCCCACE 38263752 | 9565938 i 1224440239 7 A ACCACAACCCCACE 38263752 9565938 128
263 7 C | CACCACAACCCCACE 114791256 | 26697814 0 1836660350 7 C | CACCAGAAGCCCACB 114791256 28697814 64
BRI C | CCACCACAACCOCACE | 344373785 | 8083442 o 2754990539 3G | COACCAGAACCGCACE 344373768 86093442 3
503 QI C |/SGCACCAGAADCCCACE |+1033121304) 256280526 g 4132485809 1 G | CCCACCAGAACGGCACE 1033121304 258280326 16
45 SIA | ACCCACCACAACCGCACE | 3099363912 | 774840978 o 3099364357 5 A | ACCGACCAGAAGGGCAGB 3099063912 774840978 4

Doing so again we find the next instance of this branch, and note that the sub period y

values have doubled.

n mod8 type pathtotip period subperiod  y=INT((n:sub
period))
402653211 3B B 24 6 67108868
603979817 il c cB 72 18 33554434
452984363 7 A ACB 216 54 8388608
679477295 il c CACB 648 162 4194304
1019215943 @l c CCACB 1944 486 2097152
1528823915 8l c CCCACB 5832 1458 1048576
2293235873 il c CCCCACB 1749 4374 524288
1719926905 1A ACCCCACB 52488 13122 131072
1289945179 3 A AACCCCACB 157464 39366 32768
1934917769 il c CAACCCCACB 472392 118098 16384
1451188327 7 A ACAACCCCACB 1417176 354294 4096
2176782491 8l c CACAACCCCACB 4251528 1062882 2048
3265173737 il c CCACAACCCCACB 12754584 3188646 1024
2448880303 7 A ACCACAACCCCACB 38263752 9565938 256
3673320455 @l c CACCACAACCCCACB 114791256 28607814 128
5509980683 8l c CCACCACAACCCCACB 344373768 86093442 64
8264971025 il c CCCACCACAACCCCACB 1033121304 258280326 32
6198728269 5 A ACCCACCACAACCCCACB 3099363912 774840978 8




Supporting 3D interactive visualizations:

Interactive 3d bit plane mappings, coordinate traversal structure, and x,y,z point mapping
available via links below.

Path verification tools in JS for available upon request, up to 5000-bit values have been run for

bit plane sampling and vectors. Complete runs up to 30 bits have been done for composite
operation verification.

x,¥,z plot of all 19 bit values:

https://jsfiddle.net/6zhL 2ejr/

Path 27
https://jsfiddle.net/4n81tsjg/1/



https://jsfiddle.net/6zhL2ejr/
https://jsfiddle.net/4n81tsjg/1/

Interactive 3d structure view, builds branches up from 1 (or any seed value) - control settings
via query string as explained on page.

http://gandalfpc.great-site.net/collatz/graphVectors3D.html?scale=100&branches=36&i=1

Number of branches denotes how much to build out for the structure, using the filters you can
view slices of the structure such as the cubic lattice

Here we slice it by filtering with minStep=30 and maxStep=31

http://gandalfpc.great-site.net/collatz/graphVectors3D.html|?
branches=4000&scale=40&y=700&minStep=30&maxStep=31



http://gandalfpc.great-site.net/collatz/graphVectors3D.html?scale=100&branches=36&i=1
http://gandalfpc.great-site.net/collatz/graphVectors3D.html?branches=4000&scale=40&y=700&minStep=30&maxStep=31
http://gandalfpc.great-site.net/collatz/graphVectors3D.html?branches=4000&scale=40&y=700&minStep=30&maxStep=31
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Theorem (Branch Coverage):

Let n be any odd integer. Then there exists a finite-length instruction sequence composed of
composite operations A, B, and C, such that n lies on a branch ending in a type B branch tip
(mod 3 = 0), and can be traversed down to n=1 via repeated application of the structure’s
traversal rules.



